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Abstract

A method of estimating mean and standard deviation is developed
for flood frequency analysis which will make the summation of
deviation squares between the observed floods and estimated floods
with a certain plotting formula minimum. The normal, log-normal,
extreme value, and log-extreme value distribution are assumed for
the probability distribution of flood, and the Weibull plotting
formula is used for illustration the method. The results of flood
frequency analysis for several Taiwan watersheds reveal that the
summations of deviation squares for floods estimated by the mean
and the standard deviation now commonly used are larger than

those for floods estimated by the proposed statistical parameters in
this study.
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I. Introduction

A flood magnitude-frequency relationship is essential in the design of spillways,
highway bridges, culverts, and other flood control structures, or in the planning
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of flood plain zoning. The metHod of determining the magnitude-frequency rela-
tionship usually used, is to assume a theoretical or an empirical probability distri-
bution for the population of the events and to estimate the statistical parameters
thereof from historical data. ‘

The Annual maximum values and the annual exceedence values are often the
two types of data selected from the complete-duration series for flood frequency
analysis.

As proposed by Chow (1951), a general equation for flood frequency analysis
is often used:

Q=T A KSg rrreerranrrtrreneste ittt e )

where: Q. is the magnitude of the flood at a return period T,

K is the frequency factor, depending on the

return period and the distribution characteristics,
@ is a sample mean of the flood,
S, is a sample standard deviation of the flood.

The two statistical parameters, mean and standard deviation, are estimated
from historical data by the following two equations:

T= }l}?jﬁ ................................................................................................ @)
S _{2<Qx—ﬁ>2}% .................................................................................... @
@< N-1

where: Q, are the observed floods in the annual maximum or the annual exce-

edence series, and N is the number of years in the record.

For any chosen probability distribution, a relationship can be derived between
the return period and the corresponding frequency factor. This relationship is
sometimes referred to as the K-T relationship. The return period, or recurrence
interval, T, of a given flood magnitude is the average interval of time within
which the magnitude of the flood will be equaled or exceeded once. A flocd magn-
itude Q for a given return period T can be determined from Eq. 1 with K found
by K-T relationship and the computed statistical parameters from Eqs. 2and 3.

In general, either the method of moments or the method of maximum likeli-
hood is used to estimate the statistical parameters. For a normal distribution, the
parameters estimated by the method of moments and by the maximum likelihood
methood can be shown to be identical. For some other types of distribution,
however, the estimations of parameters by the maximum likelihood method are
generally more complex than by the method of moments. In the maximum likeli-
hood method, the parameters of some distributions can not be determined analyt-
ically and have to be solved for by the iteration method. Therefore, in practice,
it is quite often that the method of moments rather than the maximum likelihood
method is used to estimate the statistical parameters for flood frequency analysis.

The objective of this study is to propose the least squares method of estimating
statistical parameters for flood frequency analysis. The estimation of -statistical
parameters is to make the summation of squares of deviations between the obse-
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rved floods and the estimated floods with a cartain plotting formula minimum. In
this study, the normal, log-normal, extreme value, and log-extreme value distribution
are assumed for the probability distribution of floods, and the Weibull plotting
formula is used for illustrating the method. A comparison of the results of flood
frequency analysis for several Taiwan watersheds is made between the statistical

parameters estimated by the method of moments and by the proposed least squares
method.

II. Plotting Formula

In a series of N annual exceedence floods, the largest flood in the record
occurred only once. But in the other series of equal length, N, the same magnitude
of flood might occur several times or not at all. In other words, the maximum
flood observed in a 50-year record may have a true return period of 10 years, 50
years,100 years or any other number of years, each associated with a different
probabilities.

The question then arises as to the true return period of each of the set of
annual floods. This true return period for each event is, however never known,
but can be estimated in several ways. For example, the sample frequency in its
population may be considered to correspond directly to their observed frequency.
That is the maximum event in a series of N independent annual maxima or annual
exceedence would have a return period of N and a probability of I/N. This is
known as the California method and is given by

p=m/N, or =N/ e eserreternsrteriiesnmontttitiii et raeerenis e es et aana e ra 4)
where m is the order of the floods, m being 1 for the largest and N for the smallest
event in N years of record.

As given by Kite (1977), if the observed frequency of the maximum event in a
series of N independent events is considered to be the mean of the population of
frequencies for the maximum event, then

p= f:(1—zw)—1/(N+1)

where Z is the probability of occurrence of the event in the N-year record.
Use of the mean frequency thus leads to a general equation given by
p=m/(N+1), or T=(N+1)/m ............................................................ [YTToN (5)
This is commonly known as thé Weibull formula for plotting position of floods.
Some other consideration of the observed frequency being the mode or the
median of all possible frequencies will give other kind of plotting formula.
For this reason‘ the frequency factor, K, which depending on the return period
and the distribution characteristics, is considered in this study to be known for
each event in N independent events series.

III. Estimation of Statistical Parameters

For a given plotting formula used and a probability distribution of floods ass-
umed, the frequency factor of each observed flood in series can be determined.
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For the purpose of deriving a new relation for estimating the mean and the
standard deviation of flood, the general frequency equation given in Eq.1 is expre-

ssed as :
Qi=F KB cerrrerrrertenteiiiiii e st s s e e s aa e (6)

where a and P are the statistical parameters corresponding to the mean and the
standard deviation of a flood series, Q. is the ith order of flood, Q: for the largest
flood, and Qy for the smallest flood, K; is the frequency factor of ith order of
flood, K: is the frequency factor of the maximum flood, Ky is the frequency factor
of the smallest flood in N-year record.

The determination of « and B is to make that the summation of squares of
deviations between recorded floods and estimated floods by Eq 6 for a given plo-
tting formula and a probability distribution of floods to be minimum. In other
words, @ and B in Eq. 6 are obtained to give a best fit of obseved floods to a giver
plotting positions. Based on this consideration, « and B should be obtained by sol-
ving the following two normal equations:

7] 0 2
WZ(S? = ‘azz{Ql “Q‘Klﬁ} =0,

or

D Ta YR N PVRY: >y QP SO OO0 Iy S TSSO <))
and s 3 .

—3?25? =—a—B‘2{Ql'—a“ KxB} =0.

or,

SQUK = aSK —BEK =0 ererererrreesranrsresssersuurireessrianaeniemesisesessneasssesssesssesns (8

By solving Eqgs. 7 and 8 for « and B, it yields
4 a=T—K{Cov(QK)/Var(K)} - ereereerserrruiiiimsiirnerceniiiacianeane, seaterteatrarentetans @

an

B=CoV(Q,K)/VAT(K) +-rererrrrrsersseerrasrurserssassanssesstossassossssssnessnssanssuasaasaee (10)
where: :

z.—'=%2Qh

K=K,

Var(K)=—3K! - (K,
Cov(Q, K)=1-SQiK,~ (T)(K).

Eq. 9 for &« may be written as

For a symmetrical probability distribution, K=0 Eq. 11 shows that a=T. It
seems that the mean traditionally defined as in Eq. 2 is a special case of a defined
in this study.

The relations for determining @ and f developed in this study, based on the
least squares method, are to be used for mean and standard deviation, respectively,
for flood frequency analysis. The value of B is defined as the ratio of covariance
of floods and its corresponding frequecy factors to the variance of frequency fact
ors. The value of « is defined as the difference in the mean of floods and the
product of mean of frequency factors and 8.
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IV. Practical Application and Comparison of Results

In order to show its applications and to compare the difference in the
results in flood frequency analysis by the different methods of estimatin g statis-
tical parameters, the data of annual maximum and annual exceedence flood series
with various length of record collected at several Taiwan watersheds are used.
Four different types of probability distributions are assumed for the distribution
of flood. The Weibull plotting formula is used to determine the frequency factor
of each event.

A. Normal Probability Distribution

If Q, are considered to follow the normal probability distribution, its probabi-
lity density function, f(Q), is

N CO-TY2 Q21 1 et se e srerereaeerenes
Q=5 s={Exp (-(@-D)72 si1} a2)

According to the Weibull plotting formula, the probability that Q will be exce-
eding Q., the ith order of magnitude of flood in N years record, is

PLQLQI=HN+D - [ @) aq

_—.1_@{&8__9'}:1_@{}{,} ................................................... 13)
Q
X 3%
where ®(x)= 717___3 dy. an integration of the standard normal density
T
—oc
function.
Equation 13 can be written as
-1
N+1-i
:K;“(I){Wl*l
It may also be expressed as
Kl —x2/2 .
1 A et St S SO OSSOV USSR
j V—/ge dx= N+1 (14)
— 20

The values of K, can thus be found from a standard normal table which is
available in many statistical textbooks.; The values of K, and variance of K for
some values of N are given in Table 1.

With a set of values of K, for a given value of N, the number of years of
record, 8 can be determined by Eq. 10. It is known that a=% for the normal
distribution.

The summation of deviation squares is used to compare the goodness of fitting
between two different methods of estimating statistical parameters. The summation
of deviation squares is computed by

Eﬁj-E{QJ—(E+KxSq)}2,
and \
30 =2(Qu~ (e +Ki))



Table 1 - Values of wi and K; for Various Length of Records

When the Distribution_of Flood is Normal

j\N 5 10 15 16 18 20 22 24
1 0.9672 1.3353 1.5843 1.5650 1.6200 1.6690 1.7100 17510
2 0.4308 0.9085 1.1505 1.1865 1.2517 1.3094 1.3600 1.4053
3 0 0.6047 0.8870 0.9288 1.0082 1.0674 1.1245 1.1750
4 | — 04308 0.3489 0.6745 0.7216 0.8050 0.8759 0.9388 0.9946
B | — 09672 0.1143 0.4889 0.5415 0.6334 0.7126 0.7810 0.8418
6 — 01143 0.3187 0.3776 0.4794 0.5659 0.6406 0.7067
7 —  0.3489 0.1573 0.2228 0.3361 0.4308 0.5120 0.5829
8 — 08047 0.0 0.0736 0.1990 0.3029 0.3914 0.4678
9 — 09085 | — 0.1573 0.0736 0.0606 0.1800 0.2759 0.3584
10 — 13353 | — 03187 0.2228 0.0606 0.0598 0.1641 0.2533
11 —  0.4889 0.8776 0.1990 0.0598 0.0545 0.1510
12 —  0.8745 0.5415 0.3361 0.18G0 0.0545 0.0500
13 — 0.8870 0.7216 0.4794 0.3029 0.1641 0.0500
14 — 11508 0.9288 0.6334 0.4308 0.2759 0.1510
15 — 15342 1.1865 0.8050 0.5659 0.3914 0.2533
16 1.5650 1.0032 0.7126 0.5120 0.3584
17 1.25617 0.8759 0.6406 0.4678
18 1.6200 1.0674 0.7810 056829
19 1.3094 0.9888 0.7067
20 1.6690 1.1245 0.8418
a1 1.3600 0.9946
22 1.7100 1.1750
93 1.4053
o4 17510
"i 0.4484 0.6218 0.7046 0.7164 0.7870 0.7548 0.7692 0.7827

As indicated in Table 2, for all flood series analyzed the summations of devia-
tion squares for floods estimated by & and S, are larger that the summations of
deviation squares for floods estimated by « and B. Their differences range from
0.16% to 44.74% for annual exceedence series and from 0.08% to 99.37% for annual

maximum series.

B. Log-Normal Probability Distribution

If logarithmic of flood, In Q, is considered to follow normal distribution, then
Q is said to follow the log-normal distribution. In this case,

— 6



Table 2 - Statistical Parameters and Comparison of Results for Taiwan
Streams When the Distribution of Plood is Considered to be Normal

STREAMS CHINSHUI] WU [KAO PING{KAO PING|CHO SHUI;PEI KANG
STATIONS TUNG TOU| ¥AN T2U I 0 NUNGJCH;I\[LI\?HU CHI CHI |PEI KANG
Watershed Area (Km®) 259.2 954.24 812.03 307566 | 2304.20 597.46
Length of Record (year) 16 16 18 20 24 29
g | T=a 2760 | 3087 | 1889 65 | 5331 1655
8 Sq 966 2112 1228 3218 2093 414
§ 3 5. 1118 2204 1201 3484 2180 441
H S5 E.Se) 859176 | 15745233 | 8026148 | 19047654 | 10906259 | 443541
E %6%(e,8) 533612 | 15648175 | 8013352 | 17490276 | 10262682 | 435807
g \ Differences (%) 4474 0.62 . 0.16 8.90 3.34 ‘ 3.91
o T=a 2401 2716 | 1481 6507 4695 1385
g Sq 1804 2363 1369 3873 2582 618
g qg 8 1524 2539 | 1341 4224 2789 ‘ 676
=3 362(Q,S¢) 1114671 | 15749794 | 9904642 | 32640462 | 14860074 | 446232
g %5 (a,8) 530089 | 15396082 | 9806863 | 30811279 | 13904250 369752
< | Ditferences (%) 99.37 2.30 0.08 5.97 687 | 2070

Units for §,5¢ and 8 are CMS, for 3% are (CMS)%
ZH(E,Sql — 2*(@,B)

Differences (%)= S0 (@)
Q=H‘Q'=,“Ilq_zln Q) ereree srersersesnsnserinans PN cectuniressniesnienany (15)
-—Vv.ﬁ<-1; - PP pasesessssu Raety *0eesoeven 1er RtV uas XA Y PR AN PR PR Ny
B=ar (K) {Cov(ln Q. K)} 16)
The estimated flood magnitude Q; for the log-normal distribution is
Qxaeu"ﬁxi ................................................................................................ (17)

It is found, however, that in the analysis of some series of floods the summations
of deviation squares for floods estimated by a and B are larger than those for
floods estimated by € and S,. Therefore, @ and 3 in Eq. 17 should be determined
from the following two equations:

D slai-emenif =0,

/124
or. ‘ _

S5QieFTi—e?TePEim()  crereresiiniiiiinn , ......................... ereereeiea e (18)
and ‘

' _‘LE{Q —e“*f“‘i}2=0

oB ! ’

or,



EK‘ Q‘ eﬂxi—ePzK! elpxi—:O ..-un...u.......u.n-u...---...........-...u.....u.........(19)
Dividing Eq. 18 by Eq. 19, it yields

ZQ,effi el

ZK: QefEi 3K, e¥5j |

or,

3Q, ef5i} 3K, e2PE(} — {Te¥Ei} {SK,D; ePFi} =0 s+rrerecrsrarscniniiniininccnnnan ...(20)

The value of B can therefore be determined from Eq. 20 by the iteration met-
hod. After finding B, value of « can be obtained from Eq. 18 as

BE;
a=1n z%le’gxi‘l $e6080 000000 ietacrorrstestrrtanseattsocesensoerrrecestteanresiasnsattsrsacaetiste (21)

The values of 8 and « obtained from Eqs. 20 and 21 are denoted by B’ and o,
respectively, so that it would not be confused with the values af « and 8 obtained
by Egs. 15 and 16. The summations of deviation squares for floods estimated by
o’ and § are much smaller than the summations of deviation squares for floods

Table 83 - Statistical Parameters and Comparison of Results for Taiwan

Streams When the Distribution of Flood is Considered to be Log-normal

STREAMS CHINSHUI| WU |KAO PINGKAO PING CHO SHUI PEI KANG
STATIONS TUNG Tou| KAN T2U1 s 0 NuNGCHIY, CHU| ch1 cHI | PEI KANG

2=1nQ 7.8587 7.8422 7.3926 8.8781 85153 7.3814

*InQ 03647 05940 0.5231 0.4122 0.3427 0.2426

$ 8 Ry 0.6755 0.5900 0.4627 0.3687 02608
':'E . o 7.8678 7.8221 7.3136 8.8756 8.4751 7.3810
& s 03995 0.7760 0.7601 0.4677 0.4462 02715
32| 26 (@@ Siod 600206 | 12275634 | 6269756 | 10795878 | 13755566 | 843498
: 15 (@,6) 538495 | 7856367 | 4658179 | 6445611 | 10076161 | 268794
< 23 (of8) | 490418 | 6000869 | 8118140 | 6349681 | 8202864 | 269774
Ditference (%) 4074 104.26 10107 70.02 67.69 32.93

w=1nQ 75618 75176 6.9809 86062 8.2835 7.1181

Ssna | oz 09154 0.7774 0.5038 0.6353 0.5212

g p | osus 1.0692 0.8908 06729 0.6840 05593
g, o ] 7.6874 7.6396 6.8426 8.6250 8.3257 7.1608
St B’ 0.5636 0.9197 11042 0.6570 0.5879 0.4482
321 3 (Q Sime) 4914520 | 9844027 | 6228120 | 16081280 | 7435005 | 1038796
5 53 (,8) 9365312 | 8944027 | 3214304 | 9168£93 | 11488005 | 1474264
25t (a',8") 2358044 | 7010739 | 1758217 | 8411361 | 6574315 | 773162
Difference (%) 108.42 40.23 254.23 91.19 13.11 34.53

Differences (%)=25’ (an‘zBS:h(xS');’z)a’(a’. £



estimated by @ and S;. The comparison of results in the summations of deviation
squares are shown in Table 3. It shows that their differences range from 32.23%
to 10426% for annual exceedecne series and from 13.11% to 254.23% for annual
maximum series.

C. Extreme Value Distribution

Based on the theory of extreme value distribution given by Gumbel (1941) for
very large N, the K-T relation is given by Chow (1951) as

K=—{045+07797 1n (~1n (1--3-2}

when the Weibull plotting formula is used, T:=(N+1)/i, and

- 8
Table 4 - Values of K, ax and K, for Various Lenth of Records When

the Distribution of Flood is Extreme Value.

x 5 10 15 20 l a1 23 25
1
1 0.8770 1.8828 1.6868 1.9049 1.9420 2.0114 2.0751
2 0.2539 0.8023 1.1199 1.3447 1.3828 1.4538 1.5189
2 0.1642 0.4422 0.7757 1.0079 1.0470 1.1199 1,1864
4 0.5233 0.1692 0.5214 0.7620 0 8023 0.8770 0.9452
5 0.9047 —  0.0596 0.3154 0.5653 0.6069 0.6837 0.7537
[ —  0.2647 0.1887 0.3993 0.,4422 0.5214 0.5933
7 —  0.4590 0.0190 0.2539 0.2983 0.3801 0.4540
8 — 0.65641 0.1642 01230 0.1692 0.2539 0.3300
9 —  0.8659 0.3016 0.0026 0.0508 01387 0.2174
10 — 11319 0.4349 0.1101 0.0596 0.0319 0.1134
11 0.5678 0.2173 0.1642 0.0686 0.0161
12 0.7074 0.3208 0.2647 0.1642 0.0761
13 0.8517 0.4223 0.3525 0.2564 0.1642
14 1.0208 0.5233 0.4590 0.3463 0.2494
15 1.2451 0.6257 0.5587 0.4349 0.3326
16 0.7316 0.6541 0.5233 0.4145
17 0.8443 07565 0.6128 0.4961
18 0.9691 0.8659 0.7047 0.5782
19 1.1161 0.9875 0.8010 06618
20 13181 1,1319 0.9047 0.7484
a1 1.3209 1.0208 0.8398
22 1.1597 0.9388
23 1.3515 1.0503
24 1.1844
26 1,8709
K 00923 | — 0.0639 0.0501 0.0419 0.0405 0.0381 0.0361
a': 0.3821 0.5482 0.6332 0.6867 0.6952 0.7106 0.7227

—



= _{o.45. n feqn (NFI=ia 1 eerreeiereeeeare—aiesee i e aae e “
K, {0.45+0.7797 In {-1n NF1 ]}} -(22)

. The mean and the variance of frequency factors for some values of N are
computed from Eq. 22 and are given in Table 4. It is shown in Table 5 that the
summations of deviation squares are smaller when « and § defined in Eqs. 9 and
10 are used for floods estimation as compared with the summations as compared
with the summations of deviation squares when @ and S; defined in Egs. 2 and 3
are used. Their differences in the summations of deviation squares range from

4.42% to 1154% for annual exceedence series and from 576% to 72.03 for annual
maximum series.

Table 5 - Statistical Parameters and Comparison of Results for
Taiwan Streams When the Distribution of Floods is
Considered to be Extreme Value.

STREAMS CHINSHUI| WU |KAO PINGKAO PING CHO SHUI PEI KANG
STATIONS TUNG TOU KA{‘IgZU LaoNunGCHLT CHU) cur e PEI KANG

o @ 2809 | 3256 1919 8132 5502 1666

3

.g P 1165 3562 1281 4270 2562 458

gg 23 (T, SO 978145 | 10505662 | b5477794 | 12479436 | 10775560 | 324928

—‘ém 25, (@,9) 454100 9130218 | 5245821 | 7225080 | 9429546 | 260564

< \ Differences (%) 115.40 15 06 442 7272 14.27 2470

. i o 2486 2745 1587 6559 4904 1415

_é 8 1601 2562 1601 4970 3203 712

M

§§ 2% (T So) 2107770 | 10562292 | 6291490 | 18730168 | 9351408 | 728555

gw 2% (a8) 1225224 | 8304134 | 5948720 | 11240002 | 6302353 | 585496

< \ Differences (%) 7203 25.83 5.76 66.64 48.38 24.43

D. Log-extreme Value Distribution

When the logarithmic of flood, 1In Q, is considered to follow extreme value
distribution, then Q is said to follow the log-extreme value distribution.

As in the case of the log-nromal distribution, the summation of deviation
squares using the log-extreme value distribution are larger in several flood series
analyzed when « and B are used. In the same manner as described previously, a
and B should be determined from Eqgs. 20 and 21. The results of the summations of
deviation squares for three different methods of estimating statistical parameters
are tabulated in Table 6. It is ¢lear that among the three different methods of
estimating statistical parameters, 8’ and «’ obtained from Eqs. 20 and 21 give the

— 10 —



Table 6 - Statistical Parameters and Comparison of Results for
Taiwan Streams When the Distribution of Floods is
Considered to be Log-extreme Value.

STREAMS CHINSHUI WU |KAO PINGKAO PING CHO SHUI PEI KANG
STATIONS TuNG ToU| KAN 7201 40 NUNG|CHLD, CHU| cHI CHI |PEI KANG
r a 7.8797 7.8770 7.4206 8.8932 85301 7.3900
9 a 0.4347 0.7225 0.6249 04800 0.3964 0.2716
g o 7.8984 7.9295 7.4108 89182 8.5340 7.3960
3]
$2 g 0.3697 0.6594 0.6703 0.4244 0.3995 0.2509
RS) 3 (0Q, Suwe 1397260 | 12124244 | 4704424 | 13442436 | 10036406 | 431984
2 25 (e, B) 1677701 | 8315847 | 3268692 | 14549086 | 5043473 | 435861
< 25 (o, £) 1165387 | 7685414 | 2113750 | 10238739 | 5911645 | 403883
Difference (%) 19.90 57.76 122.56 31 29 69.77 696
( « 7.6015 7.5709 7.0228 8.6354 8.3088 7.1811
° 8 0.8326 11040 0.9381 0.6974 0.6833 0.5514
2 o' 7.7401 7.7800 7.0371 8.6997 8.3875 7.1976
%o P 0.4987 0.7635 0.9026 0.5648 0.5035 0.3850
ié", 35* (1nQ, Sing) 10023242 | 16570154 | 4064086 | 25165924 | 25120100 | 3186494
E 2 (@8) 19207724 | 36078952 | 1262147 | 41535760 | 42308008 | 4249056
< 25 (o', ") 4574951 | 11399058 | 1141764 | 19524019 | 13743541 | 1804746
\ Difference (%) 188.74 36,59 255.95 28.89 82.84 76,56

smallest summation of deviation squares between obseved and estimated floods.
For an annual maximum flood series, a difference in the summation of deviation
squares is as high as 256%.

V. Conclusions

Based on the theory provided in this study and the results of analysis of flood

series, several conclusions can be reached.

1. The statistical parameters of « and B defined in Eqs. 9 and 10, depending on
plotting formula and probability distribution function, provide a better
fitting to a chosen plotting positions than the mean and the standard devia-
tion that now commonly used. '

2. It may be shown that the mean and the standard deviation that now in use
are the special case of the statistical parameters defined in this study.

3. The statistical parameters « and 8 do not possess invariance property. The
statistical parameters B’ and a’ obtained from Egs. 20 and 21 should be used

~ when the logarithm of flood magnitude, instead of its original series, are
analyzed. In several flood series analyzed, the summations of deviation squares

— 11 —



between the observed and estimated floods by &' and B’ are remarkably
reduced. The use of &’ and ' may be more critical when the logarithm of
the flood magnitude is to be analyzed.

4. The computation of statistical parameters « and B or «’ and B’ are compar-
atively tedious. It has to be re-computed each time when new hydrologic
information is added. However, with the abvent of digital computer, the
extra work of computation involved seems trivial.
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