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Singular Point Solution of the
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Introduction o

To calculate the water surface profile in a side channel spillway, it is necessary to
determine the control section from which the flow profile éomputatio’n can be started.
A method for determining the location of the critical depth control point was proposed
by J. Hinds® using equivalent critical depth channel and was subsequently made generally
appliciable.® E ' _

An alternative method is derived herein using the singular poixit method® which was
proposed by Chow, however, was not extensively solved. The advantage of this solution
as compared with the solution by Hinds is that the position of the control point can be
determined with little additional computatlon An example is also given for demonstra-
tion. :

Dynamic Equa.tion for Side Cha.nnel Spillwa.y by
Monentum Principle '

The momentum equation is normally used for the derivation. of the differential
equation for the dynamic equation for the side channel spillway. Referring 'to the
lateral spillway channel in Fig. 1, the momentum equation gives '

¥ (Q+dQ) (V+dV) ———QV P,~P;+W Sing- Ff ............................. (1)

where W is the unit weight of water Q is the dlscharge, V is the velocity, dQ is the
added discharge between sections 1 and 2, W is the weight of the body of water between
the sections, F¢ is the friction force along the channel wall, P is the total pressure, and
g is the gravitational acceleration.

The pressure force, P; is

Ph=wiZA

where Z is the depth of the centroid of area, A, below the water surface

Similarly, the total pressure on section 2 is.
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P =w G+dy) A+ Faa day

where dy is the difference between the depths of the two sectlons 1 and 2 as shown in
Fig. 1. Neglecting the higher order ‘terms, the resultant hydrostatic pressure acting on
the body of water between Sections 1 and 2 is

- Fig. 1. Definition Sketch

Pi = Pa = — W A QY eeerarerereenrmiiseeumetiiiiiieuiciresiniiiats tsttnansstesinissstanansesnes (2)
The weight of the body of water between the secttons can be in term of section
area and its component in the direction of flow is
Wsind = wS, (A+ % dA) dx = W So A dx eerssessemmins s 3)
where slope S, is equal to sin @ and the term contalmng the product of differentials is
dropped
The frictional head between the two sectxons is equal to the friction slope, S¢, multi-
plied by the length, dx, or

= §¢ dx
If Manning formula is used
G = V' _ _@nm
222 Rt 2.22 A? R+¢/3

The frictional force along the channel wall is equivalent to the pressure due to friction
head multiplied by the average area, or ‘

Fi= w (A + 3 dA) St dX =w A Sf dx sereseereseessernseens .............. 4)
After substituting all values of forces and simplifying, Eq. 1 reduced to
dy = — 1 (VdV + _Y_ dQ) + (So - St) dx ............................... e (5)

Since V = Q/A and V + dV - (Qfl-dQ)l(A+dA_), and
av-9+49_ 9 _AdQ-qda
A+ dA A A (A+dA)

_ Q. 40 — .QAdQ + QdAd
viQ - % 4aQ __ A.(A+dA§%
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Hence, the above equation becomes

_ VW ,8AdQ - QdA + dAdQ (S — S5 dgereerereessmmensseesee
Neglecting &A in the denomiaator and dA: dQ iw the aumerator, and sunphfymg
dy . So — 8¢ = (ZQ/gA’)“(dQldié) ..... Ceerreren cessesternsesaneritans ceverererene vereenas )
dx 1 — Q*gAD .

If nonuniform velocity distribution in channel section is considered

dy . So — St — 2PQ Qx/gA% ... sseescrressernsans Ve i enraenses Fideae(8)
dx 1 — BQ[gA*D . !

where gx = dQ/dx and D = A/T. ,

This is the dynamic equation for spatially varied flow with increasing discharge.
Usually the energy coefficient is, used instead of the momentum coefficient. Because in
evaluating the friction slope, the Manning formula is used. . Thus,

dy _ So — St — (22Q/gA»)(dQfdx) . .......... rrenerersaens deenseanaennes veer(9)
dx 1 - (aQ*/gA:D) v

However, it is considered this is merely a practical interpretation which has no theoretical
basis.

" Dynamvie Equation’ for Side Chansiel Spillway by Energy Priaciple

Although the monientdni principle 3¢ normally uded for the dérivation of the differen-
tial equation for the dynamic equation of the spatially varied flow with increasing
discharge, it is convenient to deal with the general case of a nonuniform channel by
means of the energy principle. :

The energy principle is only applicable if due allowance is made for the work done
in accelerating the lateral inflow up to the longitudinal velocity of flow in the channel.

With reference to Fig. 1, in a length dx the lateral inflow is (dQ/dx)dx. All the
energy of this water will be destroyed by impact and turbulence, except that appropriate
to the elevation y of the water surface. ‘ ' :

The energy required to accelerate the lateral inﬂdw, (dQ/dx) dx. in the longitudinal
direction of the channel from 0 to V+dV is

1 4Q , 4« . (
—;— a (Mass) (V + dV)? = 2 (w ax dxedt) aV®, «(i0)
w A dx

To maintain the continuity of the process in space and time
F (V 4+ dV) dt = dx
or approximately
T AV) At = dX eerereseeriniiniissiniii ittt s ssnseesenes (]1)
Inserting this value in Eq. 10 gives the enorgy required per unit weight of water as
o  V dQ

g A dx

o dx
or
a (Q/gAY) (dQ/dx) dx
This may be expressed as a slope term as

Q dQ

gA? dx
If H = the total head, the enerdgy eguation’ niwy: be’ vrritten:
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H=y+z+ aQ (energy required to accelerate later inflow)

2gA*
_Differentiating and inserting Eq. 11 for the last term,
= @ 2Q dQ _ 29 dA Q 49 ...
dH/dx = dy/dx + dz/dx + 52 ( R A “dx )+ a ZAT dx 12
By definition
S = —dH/dx
S, = —dz/dx

and let T=water surface width,

dAldx = (dA/dy) (dy/dx) = T (dy/dx)
or dA/dx = (A/D) (dy/dx)
Then Eq. 12 gives

dy _ _ 2Q dQ ; aQ dy _
dx gA? dx + gAD dx + 8o = St

or

dy _ So — St — (20Q/gAY (dQJdx)
dx 1 - aQYgA'D

The resulting equation is identical with Eq.}(9) as derived by using the momentum principle.

Transitional Profile for Side Clmnnel Spillway

At the critical section, the value of gD approaéhes V? gince its Froude number must
equal to unity. The numerator on the right side of Eq. 9 must approach zero to give
dy/dx a finite value.

Accordingly,
So — St — (22Q/gA?) (dQ/dx=) 0
or
So — S¢ — (2aQIgA’) (1/Q) (AQJdx) = 0 «sessecrses srevserensanenrrsasse seossencntane weo(13)
However, continuity equation yields
Q = (dQ/dx) x
Hence, (1/Q) (AQ/AX) m 1Jx sreeerstsesarsersonssronssrnas ettt et e et st aaes st bbb s 14
And Eq. (13 becomes
So — St — (2aQ%gA®) (1/x) = 0
or '
Se — St —2D)x =0
or
X = 2D [ (Sg — Sf) sseeeseenerssesstnestrssintnsissistesisisssonsassonaas aseverertsensstastaneserase t3)
Eq. 15 is the equation of transitional profile as obtained by the singular point method.
" The left side of Eq. (18) as can be seen is only determined by the value of x and the
right side only by the paticular depth selected at a given cross section. Determination
of the value of the right side of Eq. (15) for a number of selected depths at a given
cross section will enable the elevation of the transitional profile to be interpolated.

Example of the Method

The transitional profile method is used herein to determine the control point in a
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lateral spillway channel of uniform cross section. To .allow a compariSon, same example

as solved by Hinds using the equivalent “Critical Depth Channel” is used®’
The cnannel is a trapezoidal section of 400 ft long with a lateral inflow of 40 cfs/ft

of length. The cross section has a bottom width of 10 ft., the side slopes are 2 vertical
to 1 horizontal and the longitudinal slope of the channel is 0.1505, starting at an upstr—
eam bottom elevation of 73,70 ft. Manning’s n-is taken as 0.015 and a=1.

tance x is measured from the upper end of the spillway channel.

Eq. (15) have been determined. To compute St the c0nveyance factor

K =

149 AR®”[0.015

is used to simplify the computation.

Table 1. Computation of Transitional Profile

The calculation for the position of the transitional profile is given in Table 1. Dis~

For a range of depths from 4 ft to 28 ft, the hydraulic properties and the values of

w | @ |6 | (5) ® | ™ | ® (©) W,
d A T D=A/T[Vc=(gD)'#Qc=VcA| R | R K X~ 8,—St
4 48 14 3.42 1049 504 | 252 1.85 8,800 46
8 112 18 6.22 "14.15 1585 | 4.01 2.63 . 28,100 85
12 192 22 8.72 16.75 8216 | 5.22 3.02 - 57,400 119
16 288 26 11.08 18.88 5440 | 6.29 3.40 97,200 150
20 400 30 13.34 20.71 8284 | 1731 3.77 149,000 181
24 528 34 15.52 ©2234 . | 11,800 | 829 410 212,000 211
28 672 38 17.68 23.84 16,020 | 9.26 441 298,000 239

on a longtidunal elevation of the channel, Fig. 2.

Elevation, ft
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Note: Verticat
exaggeration
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L '] r'} A —
[+ 50 100 150 " 200 250

xft measured from upsiream

Fig.2. Singular Point Solution of Critical Point

Corresponding values in Cols. 1 and 10 enable the transitional f)rofile to be plotted

To locate the control point, it is necessary to determine the point in the channel

for which the actual discharge Q is equal to the identical values of Qc on the transi-
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tional profile. This ean be done by plotting-Cols. 10 vs. & and their eerreponding actual
discharge, ie. 40x in this example. The intersection of the actual vs critical discharge

lines gives the point at which Q—Qc i.e. the control point. From" F‘xg 3, the control
point is located at x= 164 ft.

A similar method can be adopted by using Fig. 2. 'I‘he “cntxcal depth line” Whlch
gives the cnpcal dep_th for the actual discharge at any point can be plotted on the
same plotting. The intersection of the g{itjcél depth line with the transition profile
gives the point at which Q=Qc. From Fjg. 2, the contro] poipt is located at x=164 ft and

at a depth of 17.7 ft, showing full agreement with Hinds’ method®® and result obtained
by using Fig 8.
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Fig. 3. Solution of Critical Control Point

Conclusions

The dynamic quatmn for a side channel spillwgy can be derived by using both
momentum and energy principles. The resulting equation is

_gx - 8o — St —x(2 Q/gA?) €dQ/dx)
dx 1T —x( Q" gAD)

To solve the location of the qo'ntfol point, the singlar point method, ie.. the nu-
merator on the right sjde of Eq. 9 must approach 0, can be used As a result, a transi-
tional profile can be obtained as o

X = 2D [ (So — Sg) sereereesersesssessnesnsnssessinsessianns searsesessonsasassnsnsssseseanse i

Simultaneous plotting of x vs. Q¢ and x vs. Q leads to a solution of the control

point in a side channel spillway. - ’

The proposed adaptation of the transional profile method can be used for the
determination of a eritical depth contrel point in a side channel spillway and is simpler
than Hinds’ method®, ®
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The work descrxbed herein. is a byproduct of a ‘discussion® of “Hydranhcs of
Spatially Varied Pipe Flow” by Dr. Wang Hu”. Dr. Hu, Asst. Prof., Dept. of Civ. Engrg.,
Bradley Univ., Peoria, Iil. US.A,, is reeognized for offering the writer the benifit of his
experience in studying the problem.

RG22 KBS 192648]. Hinds RIS REBEFERZE » A MSEBERE] SHgien?
' AXBEESEENMEANKERD » BEHRERIEEFEABRERETEYE » ESERFRFAEEE LN

BEWPRERFIED » BFESTEY » ERATSHESTWT » DE2E » WRBE o
SRR B = K B FEK 77 2B R Rl 2 B (Spatially Steady Flow, Discontineous Flow)

| 5 ﬁ@ﬂﬂzxﬁé&iﬁﬁﬁﬁﬁﬁﬁﬁ(mﬁally Gradually Varied Flow with Increasing Discharge)

! #ﬁﬁiﬁﬁﬂﬂ%ﬁﬁ&ﬁ&ﬁﬁﬁﬂﬁ@ﬁﬁ? $

4y . — 8t — (¢ A"') (dQ/dx)
dx T = aQ7gA'D

ﬁu%’]}ﬁﬁ%ﬂ%*ﬂiﬁﬂ(ﬁﬁiﬁ #@W}T?&ﬁ}?é}ﬁ%ﬁﬁ fﬁﬁﬁ P RIBR
x =D/ (S - SP°

ﬁnﬁﬂﬁﬂﬁﬁﬁ Q= _dQ_, x%ﬂﬂz ! Eﬂﬁﬁ%ﬁ%ﬂ%z{iﬁ ?‘#ﬁﬁt Hinds BMHGE» H2
BABIAE o

!NWM B 15 G /111 e

ﬂ‘Eﬁ g b . l

dlmm‘wmw* ‘

= RERLHMN > BRLESERMERET » KEEETEALTIE RS ﬁ H

B e B & % %
hRRMTEES BT HHEBT = 1
hEKR TS SETH B=+LE) 1
hEARTERGRF AE BEAL=H 1
BEtiag  BRIABEE FSHESFSDATRS
B SRS AHAEETERE 2
hETRESSaA . IR EmFEsA A+ 2
hETREEY ERTBEAN GRS 1
hEEATREG G +ATE BABES - WHHEH—1 8
FFkERREES C AMKERBREO-O-E 8
hRATRMEE HETEMEEE HAEESEREE 1
Rk BwEny MORSRERT HABELN !
SBTEBREDL ¢T BoBE—H 1
T o R R 309 B S 40 d2H
hELBETREY LTBR Fot—H 1
AEERSE ERBE KR 1
SEBERBERGE AROME #AE b8 2
3

BERIABRE _ §3Ei7|<$§ﬁ)t§ ﬁ—h\h_—i—» —-.::%
) — 37 —





